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A new separation system representation uses stream separation vectors in the 
separation space. The characteristics of a separation sequence are clarified by its 
separation base vectors that form the sequence basis and those of a separation system 
by the geometrical properties of separation vectors. The optimal flowsheet of each 
sequence under separation vector formulation can be obtained as the solution of a 
linearly-constrained optimization problem. A set of simple rules determines the 
minimum separation loads of any sharp separation sequence by inspection. A mod- 
ified cost measure, which combines the separation cost with the savings due to stream 
bypass, can be used to select the optimal sequence without the overall cost analysis. 

The optimal separation sequence is obtained first by identifying the best sequence 
configuration according to modified cost measures and then by finding the actual 
costs of maximum-bypass and its neighboring sequence con figurations. For the 
nonlinear objective function, the exact optimal f l o  wsheet is determined by solving 
a linearly-constrained optimization problem. Since this procedure is a linearly-con- 
strained optimization problem, the mathematical programming solution is not likely 
to lead to a local minimum. 

introduction 
Chemical processes invariably involve a number of sepa- 

ration tasks, which constitute a significant fraction of the over- 
all process cost. The significant economic factor of separation 
tasks in the overall capital and operating costs has led t o  ex- 
tensive research on the design of optimal separation processes 
and sequencing. 

The number of possible sequences increases dramatically 
with the number of components to  be separated. To reduce 
the number of separation sequences that needs to  be consid- 
ered, most of the works on the synthesis of optimum sequences 
are restricted to systems consisting exclusively of simple, sharp 
separators. Even under the restrictions that the sequence con- 
sists of only simple sharp separators and pure products, the 
number of possible sequences increases exponentially with the 
number of components. For an N-component mixture, there 
are [2 (N-  l)] ! / [ N ! ( N -  l)!] possible sequences (Thompson and 
King, 1972). Without these restrictions, the number of possible 
sequences is even higher (Chen et al., 1991). Obviously, some 
simplification is needed so that it is not necessary to  evaluate 
all possible sequences. Many methods have been proposed to  
assemble an optimal or a near optimal sequence without ex- 
amining all possible sequences. 

Methods for identifying the optimal separation sequence can 
be classified into three categories: 

(1) Heuristic based on  rules of thumb evolving from long 
periods of engineering experience. 

(2)  Evolutionary based on the evolutionary improvement 
from a preliminary separation sequence. 

(3) Algorithmic based on various methods of mathematical 
programming. 

Heuristic rules, such as those listed by Nishida et al. (1981) 
and more recently by Nadgir and Liu (1983), are not precise 
and frequently contradict each other. For example: 

Remove the most plentiful component first contradicts 
Remove the lightest component first, unless the most abundant 
component is the most volatile component. 

Make the easier separation first and the most difficult fast 
contradicts the result that an indirect sequence becomes the 
better choice when either the volatilities of the two most volatile 
components are close and much higher than those of the re- 
maining components, or when the volatilities of the two less 
volatile components are close. 

Favor a 50-50 split can only be safely used if the ratio of 
the heaviest and the lightest components is large. 
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One approach to resolve the contradictory heuristics is to 
evaluate a separation sequence by some kind of quantitative 
measure, such as the coefficient of difficulty of separations 
(Nath and Motard, 1981; Lu and Motard, 1982), which is an 
intuitive combination of heuristic. Another intuitive measure 
is based on the commonly-used six-tenth rule for equipment 
cost correlation: 

n- I 

Objective Function = (L,D,)o.6 (1) 
, = I  

for the separation of an n-component mixture, where L, and 
Dj are the separation mass load and the cost index of separation 
of the i-th simple separator, respectively. Malone et al. (1985) 
proposed the total annualized cost (TAC), which is a function 
of the number of trays, N, and the vapor rate, V,  

as the basis to determine the optimal sequence. 
The problem of optimal separation sequence synthesis is 

further complicated by the introduction of justifiable options 
of stream splitting and blending that require little energy, but 
can offer considerable improvement in process economics. Mu- 
raki et al. (1984) and Muraki and Hayakawa (1986) employed 
the material allocation diagram originally proposed by Nath 
(1977) in an evolutionary procedure to obtain the optimal 
sequence consisting of only sharp separators that include these 
options. In their later work, this approach was extended to 
sequences including nonsharp separators (Muraki and Hay- 
akawa, 1988). The evolutionary procedure requires a trial-and- 
error process and the resulting design may not be optimal. 

Floudas (1987) questioned the ability of Muraki et al.’s ap- 
proach to handle multiple feed streams with stream splitting 
and blending. He developed an algorithmic procedure using a 
superstructure encompassing all possible sequences of sepa- 
rators, blenders and dividers. A realistic and practical optimal 
separation sequence can be obtained by formulating and solv- 
ing this superstructure as a mixed-integer, nonlinear program- 
ming problem that minimizes an objective cost function such 
as Eq. 1. This method was later applied to the synthesis of 
distillation sequences (Floudas and Anastasiadis, 1988). Stream 
splitting and blending play an important role in minimizing 
the total cost of the optimal separation sequence. 

Due to the nonconvexity of the synthesis problem, the op- 
timal separation sequence obtained with a superstructure-based 
approach may not be globally optimal. Wehe and Westerberg 
(1987) developed a different algorithm for the synthesis of an 
optimal sequence consisting of sharp separators with bypass 
and mixers. Due to the nonlinearity in this formulation, the 
minimum cost sequence is determined indirectly by first es- 
tablishing a lower bound by relaxing the nonlinear constraints, 
followed by the determination of the upper bounds of the most 
promising separation sequences that include the constraints. 
The global optimum is considered to be achieved if these two 
bounds of the optimal sequence are within a tolerably small 
range. 

We have developed an entirely new concept for the synthesis 
of multicomponent separation sequences. This concept is to 
represent a separation sequence in separation space. Each 

stream of the sequence is represented by a stream separation 
vector. In terms of separation vectors, all conceivable operators 
of a separation sequence, such as stream splitting, mixing, and 
bypassing, have their own definitive representations. When the 
inner structure of a separation sequence is depicted in sepa- 
ration space, a lucid picture of the sequence emerges. 

In the following, we will first present a brief exposition on 
the separation space geometry and its properties, illustrated 
by examples of how a separation sequence is represented in 
the separation space. A new synthesis procedure will be for- 
mulated on the basis of separation vector representation. Sav- 
ings in the cost of a separation task come from two sources: 
minimizing the amount of material to be separated and ar- 
ranging these separation tasks in an optimal sequence. A geo- 
metrical examination of sharp separation sequence synthesis 
will lead to a set of simple rules that can determine the minimum 
separation loads of any sharp separation sequences by in- 
spection. A modified cost measure will be introduced that can 
guide the search of the optimal separation sequence without 
exhaustive enumerating of all possible sequences. Three ex- 
ample problems will be used to illustrate the new synthesis 
procedure. 

Separation Space Geometry 
Traditionally, a separation system is represented by its stream 

compositions (x,, being the fraction of component i in product 
stream r) and sizes (0, being the fraction of feed recovered in 
product stream r, commonly called the “cut”). The separation 
of an n-component feed stream of composition x,, into m 
product streams is represented in terms of mole (or mass) 
fractions by the following equation: 

m 

xg= C x,,~, ,  i=  1, . . . , n - 1 
r =  1 

(3) 

This representation is not linear with respect to the system 
variables, x, and 8,. Consequently, one has to rely on the Lever 
Arm Rule to visualize this nonlinear representation. For ex- 
ample, Figure 1 depicts geometrically, in terms of stream com- 
position, the separation of a three-component feed mixture 
into two product streams: 

by three stream composition points. The sizes of the two prod- 
uct streams cannot be readily visualized but must be determined 
by the Lever Arm Rule, which states that “the ratio of the 
two product sizes is the inverse ratio of the lengths of the lines 
connecting the feed mole fraction to the mole fractions of each 
product, in order” (King, 1980). 

0 - IOAl 
1-8 ~ O B I  

This leads to the result of 8 = 0.5667. In the cases of separating 
a feed into more than two products, the stream sizes must be 
obtained by repeated application of the Lever Arm Rule. 
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Figure 1. Stream composition space representation of 
three-component two-stream separation sys- 
tem. 
Each stream is represented by stream composition point, 0: feed 
stream, A and B: product streams. 

The feed composition dependency of Eq. 3 can be eliminated 
by normalizing the composition of a component with respect 
to its feed composition. A different variable, the segregation 
fraction, ~ , , = X , # , / X , ~ ,  can be formed by combining the cut with 
the normalized compositions of each stream. Physically, y, ,  is 
the fraction of component i in the feed recovered in product 
stream r. Thus, an equivalent separation representation of Eq. 
3 in terms of the segregation fraction variables is: 

m 

1 = C y , , ,  i = l ,  ..., n 
I =  I 

The following is the equivalent representation of the same 
example shown in Figure 1 in terms of the three component 
segregation fractions: 

f) = [;;j + (7) 

This representation is shown in Figure 2 by three component 
segregation points in the one-dimensional manifold: the straight 
line: y i l + y i 2 = l .  

This representation provides measures of the individual com- 
ponent distributions, obliterating the feed composition de- 
pendency. Consequently, it is seldom used except in separation 
sequence synthesis, such as the material allocation diagram 
representation (Nath, 1977; Muraki and Hayakawa, 1984). The 
complete characterization of a separation system requires the 
knowledge of the stream sizes (cut), which is related to feed 
composition by the following equation: 

0.00 
0.00 0.20 0.40 0.60 0.80 1.00 

Yil 

Figure 2. Component segregation space representation 
of a three-component two-stream separation 
system. 
Each component is represented by component segregation point. 

The full potential of the segregation fraction representation 
can be realized by the introduction of the following separation 
vector representation. The crux of the new approach is to 
represent each stream by a separation vector. There are n - 1 
independent separations for an n-component separation sys- 
tem. The separation between component i and i+ 1 of stream 
r can be represented by the difference of the segregation frac- 
tions of component i and component i+ 1 of that stream: 

The quantities, (z,, ,  i = 1, . . . , n - 1 1, together form the sep- 
aration vector: 

of stream r.  The vector is capable of providing a clear picture 
of the separation sequence. By representing streams by their 
separation vectors, the act of separation is represented by the 
following formula that simply states: the sum of separation 
of the vectors of the separated streams equals the separation 
vector of the feed stream: 

This new representation unifies the composition representa- 
tion, Eq. 3,  and the segregation fraction representation, Eq. 
6 .  A simple picture of separation emerges from the separation 
vector representation. Figure 3 shows the same example when 
the two streams are represented by their separation vectors: 
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Figure 3. Separation vector representation of a three- 
component two-stream separation system. 

The sum of the two stream separation vectors equals the null 
feed vector. 

Separation measures 
The potential of a universal separation index to advance the 

analysis of separation processes was well articulated by Rony 
(1972). This new representation has led to the development of 
a series of separation indices. These new indices have the de- 
sirable universal property as indicated in Rony’s initial prop- 
osition: 

The index is independent of the starting and the final 
compositions. 

The index is not dependent on how the separation system 
is labeled (that is, how the stream and component indices are 
assigned). 

The index is a normalized quantity so that an index of 
unity means a perfect separation and zero means no separation. 

The formulation of the index is independent of the phys- 
ical process. 

In the following, we will provide a short description of the 
single-stream separation index which will be used in this article. 
For a complete description of other separation indices, readers 
are referred to an earlier article (Kao, 1992). 

The separation vector, z,, embodies both the separation di- 
rection and the size of a separated stream in a separable format: 

(13) 

The separation vector is the product of a composition element 
and a stream size element. The composition element, ( (xJ 
x , ~ )  - (x,+ ,JX,+ l J ) ] ,  defines the separation direction; the size 
of the vector, Or, the fraction of feed going to stream r defines 
the quantity of separation. Separation systems of any config- 
uration can be characterized geometrically by their separation 
vectors. In order to do so, a metric tensor for the separation 
vector manifold must be defined. This metric tensor can be 
obtained as the contragradient transformation of the stream 

composition metric tensor with respect to the z - y  affine trans- 
formation defined by Eq. 9. Consequently, the properties of 
a separation system remain unchanged when it is represented 
in the separation vector manifold. For an n-component system, 
the metric tensor is: 

i ( n - j )  , for i s j :  and grJ=gJ,, go = - n 

for i> j ,  i, j=1 ,  . .. , n-1 (14) 

The derivation of the metric tensor can be found in the Ap- 
pendix. 

Equipped with this metric tensor, it is possible to thoroughly 
characterize any separation system by its separation vectors. 
The composition difference between two streams can be meas- 
ured by the angle formed by the two stream vectors. The length 
of the vector can be used to define a single-stream separation 
index: 

The single-stream separation index provides the composite sep- 
aration measure of a product stream with respect to the feed 
stream. It accounts for both the fractions of every component 
recovered in all streams and the separation of the components 
within a stream. From this point forward, the “single-stream 
separation index” will be referred to simply as the separation 
index. 

For example, the separation indices of two product streams 
separated from a three-component feed, as shown in Figure 
2, according to the two vectors of Eq. 12 computed by the 
formula Eq. 15, are identical 0.4967 irrespective of the initial 
feed composition. For a three-component system, the single 
stream index can be rearranged in terms of segregation frac- 
tions as the following equation: 

Thus, the separation index of a stream that completely recovers 
either one or two components of a three-component feed is m. If a normalized index is desired, the value computed 
by Eq. 15 can be normalized with respect to the total separation 
index. 

The compositional change of a separated stream can be 
measured by an index that eliminates the stream size factor 
and reflects only the composition change. This is the purgi- 
cation index, which measures the purity of a separated stream: 

The separation indices of two streams separated from a single 
feed stream are always identical. The degrees of purification 
of the two streams are generally different, except for the special 
case of an even split. 

For the example of separating a feed containing equal 

AlChE Journal January 1995 Vol. 41, No. 1 81 



amounts of three components (Figures 1 to 3), the purification 
indices of the two streams are: 

This means that the purity of stream 2 is higher than that of 
stream 1, On the other hand, if the feed compositions of three 
components are 0.1, 0.3 and 0.6, and the three components 
are also segregated between two streams as shown in Figure 
2, then the cut of the first stream computed by Eq. 8 is 0.39. 
The purification indices of the two streams are 1.2736 and 
0.8143, respectively. This means that the purity of stream 1 is 
higher than that of stream 2. 

An overaNpurification index can be defined to measure the 
degree of purification of separating a feed stream into two 
streams by the geometric means of the two stream purification 
indices: 

This index measures the difficulty of separating a feed into 
two separated streams. Comparing the overall purification in- 
dices of the two different feed cases, it is obvious that the first 
case ( x =  1.0023) is an easier separation than the second case 
(a= 1.0184). 

The most efficient separation of a feed into two streams, if 
the costs of separation into different compositions are iden- 
tical, is when the feed is equally distributed in the two streams. 
Using the equal-composition feed case as an example, the same 
products can be produced by bypassing 2/15 of the feed while 
the remaining feed is separated, as shown in the following 
equation: 

The first product can be produced by blending the bypass 
stream with one of the separated streams. The above bypass 
does not alter the directions of two separation vectors, except 
their sizes are enlarged by 15/13. The separation index is now 
0.5731 and the purification indices of both separated streams 
are 1.1462. However, since only 13/15 of the feed is subjected 
to separation, the overall purification index of the balanced 
separation is 0.9934, which is less than that of the unbalanced 
separation of 1.0023. Thus, the easiest separation is the sep- 
aration with the lowest overall purification index. 

Separation space visualization of separation sequences 
In the separation space, the separation of a stream into two 

product streams can be represented by the decomposition of 
the feed vector into two product vectors. The division of a 
stream into several streams of identical composition can be 
represented by partitioning that stream separation vector into 
segments proportional to the sizes of divided streams. The 
mixing of several streams into one stream can be represented 
by the summation of the separation vectors of those streams. 
Thus, a separation sequence can be uniquely represented in 

separation space by separation vectors. The geometrical struc- 
ture of separation space provides astute perspectives on the 
synthesis of a separation sequence. 

For a three-component separation system with the compo- 
nents labeled in the order by which they can be separated (such 
as in the order of decreasing volatilities for ordinary distilla- 
tion), a feasible sharp separation between component 1 and 
component 2 can be represented by a top stream separation 
vector on the positive z ,  axis and a bottom stream vector of 
the same magnitude on the negative z ,  axis. Similarly, a feasible 
sharp separation between component 2 and component 3 can 
be represented by a top stream separation vector on the positive 
z2 axis and a bottom stream vector of the same magnitude on 
the negative z2 axis. A feasible sloppy separation can be rep- 
resented by a pair of diametrically-opposed, equal-magnitude 
vectors in the first (for the top stream) and the third (for the 
bottom stream) quadrant of the separation space. For example, 
if a feed mixture consisting of 5 moles of A, 3 moles of B, 
and 2 moles of C is separated to produce three products: 
Product 1 (4.5 A, 0.5 B and 0.1 C), Product 2 (0.4 A, 2 B and 
0.8 C), and Product 3 (0.1 A, 0.5 B and 1.1 C), the separation 
task can be represented in terms of composition variables (Eq. 
3): 

0.8824 0.1250 
0.3 = 0.0980 0.51 + 0.6250 0.32 (1:;) (0.0200) (0.2500) 0.0588 

+ 0.2941 0.17 (21) 
(0.647) 

or the following separation vector formulation (Eq. 6): 

(:) = (0.7333) + (-0.5867) + (-0.1467) (22) 

0.1167 0.2667 - 0.3833 

The products are represented by three separation vectors: 
6 A ,  6 C  and 6 D  in Figure 4. The products can be produced 
in a sequence that consists of two sloppy separations: the first 
product is produced directly as the top stream of a sloppy 
separation of the feed. The bottom stream from the first sep- 
aration (which is represented by the vector, a) is then sepa- 
rated in a second sloppy separator to produce the other two 
products. This sequence can be geometrically portraysd by the 
vector decomposition as shown in Figure 4: Feed 0, a null 
vector, is separated into 6 A  (Product 1) and 6 B ;  OB is then 
separated into 6 C  (Product 2) and 6 D  (Product 3). 

A more complex nonsharp separation sequence, such as the 
sequence of Bamopoulos et al. (1988) to produce a set of five 
products as listed in Table 1, can also be explicitly visualized 
in the separation space, as shown in Figure 5. The five product 
separation vectors: 

(Zl, z2r z3, z4, zs) 

) (23) 
-0.2 0.3 0.1 0.2 -0.4 

0.1 -0.1 -0.3 0.0 0.3 

are represented by solid arrow vectors. The separated streams 
are shown by open arrow vectors. The first sharp A/BC split 
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Figure 4. Separation vector representation of a three- 
component three-stream separation system 
of Eq. 21. 
Each stream is represented by a separation vector. 

(separator S1) separates 13/15 of the feed and produces two 
streams: the top stream (top, A/BC) and the bottom stream 
(bottom, A/BC). The bottom stream is split into two parts: 
1/13 of the bottom stream bypasses and the remaining fraction 
is fed to a second sloppy BC/BC separator. The top stream 
vector (top BC/BC) of the second separator (S2) is oriented 
in the direction of Product 5. The five products are produced 
by blending proper fractions of the streams emerging from the 
two separators and the bypassed feed. Product 1 is produced 
by blending 1/4 of the top stream from S2 and 1/13 of the 
bottom stream from S1. Product 2 is produced by blending 
11/26 of the top stream from S1 and 1/4 of the bottom stream 
from S2. Product 3 is produced by blending 3/4 of the bottom 
stream from S2 and 9/26 of the top stream from S1. Product 
4 is produced directly from 3/13 of the top stream of S1. 
Product 5 is produced directIy from 3/4 of the top stream 
from S2. The balance of Product 1 and Product 3 are made 
up by proper fractions of the feed. The separation sequence 
is shown in Figure 6. The division and blending operations 
can be identified in the separation space by segmenting the 
stream vectors and the summing of the proper set of stream 
vectors to produce the product set, respectively. 

Synthesis of Separation Sequences with 
Separation Vectors 

The optimal separation sequence can be obtained, in general, 
as the solution of a mixed-integer (of the sequencing) nonlinear 

Table 1. Three-Component Five-Product Separation Problem 

Product 
Comp. 1 2 3 4 5 

A 0.1 0.4 0.3 0.2 0.0 
B 0.3 0.1 0.2 0.0 0.4 
C 0.2 0.2 0.5 0.0 0.1 

5 ! 
feed t o  K/K separator 

I - 1 . 0  

Figure 5. Separation space decomposition of a five- 
product separation sequence. 

For clarity, separation space oblique coordinate is changed to 
orthogonal one. This change does not affect basic separation 
operations, such as stream splitting, separation and blending of 
several streams. 

(the objective function) programming problem. For each se- 
quence considered, the optimization problem is subject to only 
linear constraints. Overall, the procedure consists of the fol- 
lowing two steps: 

Select a sequence and 
thereby fix the separation vector basis of the sequence, which 
represents the directions of streams emerging from the sepa- 
rators of the sequence. 

( 2 )  Nonlinear Programming Problem. Determine the best 
flow sheet that will produce the products at the minimal cost. 

Exhaustively repeating the above steps for all possible se- 
quences will identify the best sequence with the least cost. An 
exhaustive search can be prevented by combining the two steps 
into a mixed-integer mathematical-programming (MIMP) 
problem, such as the superstructure formulation of Floudas 
(1987). It should be noted that if the nonlinear programming 
problem is nonconvex, then neither the exhaustive search nor 
the MIMP superstructure approach will necessarily find the 
global minimum. 

The separation sequence that produces a set of products can 
be explicitly resolved in terms of separation vectors. The vec- 
torial directions of the streams emerging from the separators 
in a given sequence are fixed a priori by their respective base 
vectors. The product vectors, which represent product sepa- 
ration specifications, must be constructed from the set of se- 
quence base vectors. This construction determines the mass 
loads of each separator and the division and the blending of 
the separated streams from these separators to meet the sep- 
aration specifications of these products. The remaining bulk 
of a product is filled by blending a certain fraction of the feed 
that bypasses all separators. The best sequence will be the one 
that incurs the least cost. 

( I )  Integer Programming Problem. 
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Figure 6. Five-product separation sequence. 

Optimization problem formulation with separation 
vectors 

The sequencing aspect of the optimization problem can be 
methodically dealt with by representing each sequence by a set 
of separation base vectors. Each base vector represents the 
direction of a stream emerging from one of the separators in 
the sequence. The sharp separation between the component 
pair, i and i+  1 (S,,,+J of the feed stream, represented by a 
null vector, generates two nonzero elements, one for the top 
stream vector: 

z: = 1 

and one for the bottom stream vector: -..r, 
2,- = - 1 

They are the only nonzero elements of the top and the bottom 
stream vectors, respectively. 

In general, the sharp separation of a stream produces (a) a 
top stream vector that contains all feed vector elements above 
the separation boundary and a " + 1" element at the separation 
boundary and (b) a bottom stream vector that contains all 
elements of the feed vector below the separation boundary plus 
a "- 1"  at the separation boundary. 

The following is a five-component example: 

B/C separation of the original feed: 

0 0 0  I)=(-:)+(:] 
A/B separation of a feed, which was the top product of 

above B/C separation: 

D/E separation of a feed, which was the bottom product 
of above B/C separation: 

C/D separation of a feed, which was the top product of 
the above D/E separation of a feed: 
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n -  I 

J =  C,(L,, D,) 
I =  I 

The optimal separation sequence is the set of mJ,k that mini- 
mizes the objective function subjected to  the linear constraints: 
Eq. 25 and Eq. 26. 

(-;]=(-;)+(-;] 
These four separations form a sharp separation sequence: 

S,,,- [ Sa,B, S D / E - S c / D ) .  This sequence can be represented by 
the following separation sequence base vectors: 

Maximum-Bypass Sharp-Separation Sequences 
When the product set is given, then each separation has a 

A / B [ O  0 1 - 1  0 0 0 0) minimum load. The normalized loads of separators in a given 
S = B / C  1 - 1  0 1 - 1  0 - 1  (24) sequence can be determined by an examination of the product 

C / D O  0 0  0 0 0 1 - 1  separation vectors. The minimum normalized load of sepa- 
ration i, (&,in, equals the magnitude of the sum of the i-th 
elements of all product vectors of the same sign. 

SI s 2  s3 s4 s5 s6 sl s8 

D / E O  0 0  0 1 - 1  0 1 

Each vector represents a stream from a separator of the se- 
quence. 

The separation sequence base vectors can be used to for- 
mulate the optimization problem of a sharp separation se- 
quence. Each product is represented by a product separation 
vector, pJ. A set of np products is represented by the product 
separation matrix (&), where P , , ~  represents separation i (that 
is, the separation between component i and i+  1) of product 
r .  The separation direction of the stream k emerging from one 
of the separators is represented by the k-th column of the 
separation sequence basis matrix { s,& i =  1, . . . , n - 1 1. Each 
product is produced by the blending of the separated streams 
emerging from the separators of the sequence. Thus, 

k =  1 

where mr,k is the normalized size of stream k for product r.  
The total amount of stream k required for all products is 
Cz lm,,k. Since the total amount available of any stream cannot 
be greater than 1,  the mr,ks are subjected t o  the following 
constraint: 

,=I 

The normalized separation load of separator S,,,, I ,  which 
must meet the i/i+ 1 separation requirements of all products, 
is computed by the following formula: 

n, n, 

k r = I  k r = I  

where the superscripts + and - represent, respectively, the 
positive and negative components of separation base vectors. 
The above formulation provides the framework upon which 
an optimal separation sequence can be determined. 

Assuming that the cost of separation i is C,(L, ,  D,) ,  where 
L, is the actual size of the feed stream (mass load) to  separator 
S,,,+ I with D, as the cost index, then the objective function to 
be minimized is the overall separation cost: 

n,  n, 

r =  1 r =  1 

where the superscript indicates the sign of the element. If the 
sum of all minimum separation loads is less than one, then 
these products can be produced by separators in a parallel 
arrangement. Otherwise, some or all separators must be ar- 
ranged in a sequence in order to  meet the product separation 
requirement. Even for cases when the total minimum sepa- 
ration load is less than one, certain sequential arrangements 
can reduce the total separation load if the signs of separation 
vector elements of some individual products are not identical. 

A separation sequence that minimizes the amounts of sep- 
arations for producing a set of products is a maximum-bypass 
sequence. These sequences minimize the total separation load 
or, equivalently, maximize the sizes of bypass streams, and 
the products should be derived as much as possible from these 
bypass streams. Properties related to maximum-bypass se- 
quences can be compiled in the process of constructing a max- 
imum-bypass, sharp-separation sequence geometrically. These 
properties can be summarized in a set of  rules that can construct 
maximum-bypass sequences by inspection. 

Geometrical construction of maximum-bypass sharp- 
separation flowsheet 

A maximum-bypass sequence can be constructed geomet- 
rically with the separation vector representation. Each sepa- 
rator should produce the minimal amount of separated streams 
that meet the product separation specifications and provide a 
feed stream (or feed streams, if the sequence branches from 
that point on) for the subsequent separator(s). The load of 
each separator is minimized if products are made up, whenever 
possible, of streams that bypass all subsequent separators. 
Since the last separator of a sequence has no bypass stream, 
the flowsheet should therefore be constructed by working back- 
ward from the end(s) of the separation sequence. 

We will use the following problem of producing from a five- 
component feed two products (1R2P) to  demonstrate the con- 
struction procedure. The problem is represented by the fol- 
lowing two separation vectors: 
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- 
" B/CDE bottom 
- 

1 .o r 
1 0.4 -0.4\ 
- 0.2 
- 0.3 

\ 0.2 -0.21 

These two product vectors, which are shown in three two- 
dimensional plots in Figure 7a to 7c as solid-arrow vectors, 
will be produced by a direct sequence. 

An examination of the two product vectors in Figure 7a 
reveals that their zD separation requirements can be met by 

two open-arrow vectors, labeled D/E top and D/E bottom. 
These two vectors represent the last D/E separator separating 
0.2 of DE (D and E in the original feed proportion) to produce 
0.2 of D and 0.2 of E of the original feed. Furthermore, the 
C/D separation requirement of Product 1 can be met by a 
dashed vector of size 0.1 in the negative zc direction. This 
vector represents 0.1 DE that bypasses the D/E separator. This 
amount, in addition to 0.2 of DE as the feed to the D/E 
separator, must be produced by the C/DE separator. There- 
fore, a total of 0.3 DE must be produced by the C/DE sep- 
arator. At this stage of construction, the separated streams of 
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DIE and C/DE separators are combined for the two products 
as follows: 

These two vectors meet the D/E and the C/D separation re- 
quirements of both products. It is apparent that, in a direct 
sequence, only those products whose vector elements are neg- 
ative may need additional separation for  bypass streams. 

The above two vectors are plotted in Figure 7b. For the 
reason stated above, Product 1 may need additional separation 
in the negarivez, direction becausep,, is negative. This amount 
is the difference (p, --p:),  represented by the dashed vector. 
Thus, an additional 0.2 separation in the negative Z, direction 
is needed to meet the B/C separation requirement of Product 
1. This requirement will be met by the bottom stream produced 
by the preceding B/CDE separator. The B/CDE separator load 
is, therefore, 0.5. At this stage, the available separated streams 
are combined for the two products as follows: 

These two vectors satisfy the B/C, C/D and D/E separation 
requirements of both products. 

Again, the above two vectors are plotted in Figure 7c. A 
bypass stream may be needed for Product 2, since the first 
element ofp, is negative. The vector (p2-p;) is in the positive 
zA direction. Therefore, no BCDE bypass stream is needed. 
The load of A/BCDE separator is also 0.5. The vector (pz-p;) 
will be obtained by using a fraction of the top stream of the 
A/BCDE separator. The two products are produced from the 
separated streams as follows: 

The same construction procedure can be used for the inverted 
sequence by defining the separation vector after rearranging 
the five components from E to A. An alternate approach is 
to look for bypass streams in the positive direction, that is, 
only those products whose vector elements are positive may 
need bypass streams. For example, the inverted (DCBA) se- 
quence (ABCD/E-ABC/D-AB/C-A/B) consists of the 
following eight base vectors: 

(81, 82, . . . , 8 8 )  

0 0  0 0  0 0 - 1 1  

= [  ; ; -; ; -; (!) ;I (37) 

- 1 1  1 0  0 0  0 0  

The product separation requirements of the last A/B sepa- 
ration can only be met by the last A/B separator that produces 
two streams in the direction of s, and s8. The product separation 
requirements in the positive directions of the other separation 
can be satisfied by both the bypass stream and the separated 
stream. For example, positive B/C separation requirements 
can come from two sources: the AB stream that bypasses the 
A/B separator, s, and the B stream produced by the A/B 
separator, s,. 

Furthermore, the geometrical construction procedure is 
equally applicable to sequences that produce more than two 
products (1RmP problem), with the exception that more than 
one product may need extra separation loads. The following 
example derived from Muraki et al. (1988) will be used to 
demonstrate the geometrical construction of maximum-bypass 
sharp-separation sequences. Five products with the segregation 
fractions given by the following matrix: 

0.10 0.20 0.20 0.30 0.20 

0.10 0.10 0.40 0.30 0.10 

will be produced from a five-component (labeled A to E) feed 
by an inverted separation sequence. The five products are 
represented by five separation vectors: 

0.15 0.10 -0.15 
-0.10 0.25 -0.25 

-0.05 -0.30 0.15 0.20 
-0.05 0.15 -0.05 -0.10 

(PI, . * a ,  Ps)= 

which are shown as solid-arrow vectors in three two-dimen- 
sional plots in Figure 8a to 8c. These five product vectors must 
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be constructed by certain combinations of vectors that rep- 
resent streams emerging from the four separators. 

The minimum separation loads for the product set according 
to Eq. 29 are: 

. . . , ([D)J ~ ( 0 . 3 5  0.25 0.35 0.20) (40) 

The maximum-bypass flowsheet is constructed from the end 
of the sequence and working backwards. The A/B separation 
requirements of all products can only be obtained from streams 
produced by the last A/B separator. The A/B separation load 

is the minimum separation load ( I A ) , , = O . 3 5 .  Thus, the last 
A/B separation produces two streams in the direction of s, 
and s8 as shown by the two vectors, A/B top and A/B bottom, 
respectively, in Figure 8a. 

The feed stream for the A/B separator (0.35 AB) originates 
from the top stream of the preceding AB/C separator. In 
addition, Product 2 and Product 3 require additional sepa- 
ration loads in the positive zB direction in the amount of 0.05 
and 0.1, respectively. These are shown in Figure 8a by two 
dashed vectors. Thus, the load of AB/C separator is 0.5, which 
is separated into the following two streams, AB/C top and 
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AB/C bottom. These two streams are represented by open- 
arrow vectors in Figure 8a and Figure 8b. 

The feed stream for the AB/C separator originates from the 
top stream of the preceding ABC/D separator. Furthermore, 
it can be seen from Figure 8b that Product 5 requires an 
additional 0.1 separation in the positive zc direction, repre- 
sented by the dashed vector. Thus, the ABC/D separator load 
is 0.6, which is separated into two streams represented in Figure 
8b and Figure 8c by two vectors, ABC/D top and ABC/D 
bottom, respectively. 

Following similar geometrical construction procedure in Fig- 
ure 8c, Product 1 needs an additional 0.05 separation in the 
positive zD direction. Thus, 0.65 of the feed must be separated 
in the first ABCD/E separator. 

Rules for  computing separation loads of maximum- 
bypass sequences 

If the components are arranged in the order by which they 
are removed, the construction procedure for the direct se- 
quence can be used for any sequence configuration. This is 
admissible because the separation vector is invariant in the 
sense that different separation vectors obtained from the same 
product segregation fractions under different component ar- 
rangements are equivalent. Instead of rearranging the com- 
ponents and determining the minimum separation loads of a 
separation sequence geometrically, we have deduced a set of 
simple rules that can accomplish this task algebraically without 
the relabeling procedure. These rules are presented in the fol- 
lowing paragraphs. 

The procedure always starts at the end of a sequence and 
works backwards. The first rule determines the minimum sep- 
aration load of the separator at the end (or ends, if the sequence 
evolves into several branches) of a sequence. 

The separation load(s) of a separator at the end 
of a sequence equals its minimum separation load(s). 

Rule I .  

1, = (1 , )  rnm (41) 

Other separators must produce, in addition to providing feed 
stream(s) for the subsequent separator(s), extra separation that 
may be required for meeting their own product separation 
requirements. Based on the geometrical construction proce- 
dure, only certain pertinent products may need extra separa- 
tion. These pertinent products are determined by the sign of 
product vector elements relative to the sequence configuration. 
For the case of separation k (sharp separation between com- 
ponent k and k +  1) followed by separation i (sharp separation 
between component i and i +  l),  there are two distinct situa- 
tions: 

If k is a heavier separation than i, k > i  (such as in an 
inverted sequence), extra separation loads in the positive di- 
rection may be needed. A product, p r ,  whose k-th vector ele- 
ment, pk,r,  is positive, is a pertinent product. 

If k is a lighter separation than i ,  k < i (such as in a direct 
sequence), extra separation loads in the negative direction may 
be needed. A product, pr,  whose kth vector element, P k , r ,  is 
negative, is a pertinent product. 

Furthermore, the extra load of separation k of a pertinent 
product r ,  elk,r, is determined by the set of separation vector 
elements, (P~,~, s= k ,  . . . , I), consisting of certain vector ele- 
ments of the pertinent product r from the current separation 

k to the last separation of the sequence. Again, there are two 
distinct situations: 

If ps,r)s have at most one sign change, the set consists of 
all vector elements from the current to the last separations of 
the sequence. 

have more than one sign change, then the set 
consists only of those product separation vector elements, (p,,,, 
s = k, . . . , I), in the direction from k to i ,  where pl,r is the last 
element of the first group of separation vector elements of the 
same sign but different from that of &. 

The following set of rules determines the extra load of sep- 
aration k: 

Rule 2. 
(1) If the signs of ps,.s are the same, then the extra load for 

product r is: 

If 

There are three distinct situations: 

(2)  If (c:=fls,,)pk,,<0, then no extra load is needed for prod- 
uct r :  

(3) If (CI=ps,r)pk,r>O, then the extra load for product r is: 

I /  I 

(44) 

The total extra load for separation k followed by separation 
i is the sum of the extra loads of all pertinent products: 

(45) 

The load for separation k is 

The first situation of Rule 2 implies that when some groups 
of consecutive separation vector elements of all products are 
of the same sign, the total separation load of these separations 
will be smaller if these separators are in a parallel arrangement. 
For example, if the product separation vectors are the following 
matrix: 

+ 

the second and the third elements of all product separation 
vectors have the same sign. According to the first situation, 
the total separation load of these two separators in series is 
always greater than the total load of the two separators in 
parallel. 

If the signs of a group of consecutive product 
vector elements of all products are the same, then these sep- 
arations, when possible, should be conducted concurrently. In 
applying Rules 2 to the current situation, the roles of single 

Rule 3. 
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product separation vector elements are replaced by the sums 
of these individual groups of elements. 

Rule 4 determines the load of the first separation. 
Rule 4 .  The normalized load of the first separator, I,, is 

uniquely determined by the minimum segregation fractions of 
the products. This load for the first separator of a sequence 
is: 

n. 

(47) 

normalized load of A/BCD separation is 1/3, which agrees 
with the load determined earlier by Rule 4. 

Using the CAB (SC/D-SA/B-SB/c) sequence as another ex- 
ample, the load of the last B/C separation is 1/10 (Rule 1). 
The extra load for the second A/BC separation is in the neg- 
ative direction. Product 1 may need extra load. According to 
Rule 2, Situation 3, elA = 1/15 and IA  = 1/6. The extra load of 
the first ABC/D separation is in the positive direction. An 
extra load of el,= lpC,2+pB,21 = 1/6 is needed for Product 2 
(Rule 2, Situation 3) and I ,=  1/3. 

The separation normalized loads of the five possible se- 
This rule is not needed except for sequences consisting Of  quences can be determined following the rules of construction. 
multiple branches. Furthermore, it can be used to verify the 
maximum-bwass seauence constructed by the first two rules. 

The results are below: 
._ 

Normalize Actual Total 
Sequence Load Load Load 

35.00 

Illustrations 
The construction of maximum-bypass sequences according 

to the above rules is illustrated by the following three examples. 
Example 1 .  This is the second example used by Floudas 

(1987) of producing two products from a four-component feed: 

SA/B-SB/C-SC/D 1/3, 4/15, 4/15 20, 12, 6.67 38.67 
S A / B - S C / D - S B / C  1/3, 4/15, 1/10 20, 12, 3 
S B / C - ( S A / B ,  S c / D )  113, 1/6, 4/15 20, 5.83, 6.67 32.50 
S c / D - S A / B - S B / C  1/3, 116, 1/10 20, 7.5, 3 30.5 
Sc/D-SB/c-SA/B 1/3, 1/6, 1/6 20, 7.5, 5.83 33.33 

Feed Product 1 Product 2 The actual separation loads depend on the feed composition. 
15 5 10 The maximum-bypass sequence is the Sc/D-Ss,/B-SB/c se- 

quence. The total separation load of this sequence is 30.5, 
which is less than the total load of three parallel separators. 

The example was used originally by Muraki 
and Hayakawa (1 986) to demonstrate their evolutionary syn- 
thesis procedure using the material allocation diagram. This 
example was later used in (Floudas, 1987) to demonstrate the 
superstructure-based mixed-integer nonlinear programming 
synthesis technique. 

Example 2. ;; 1% 1 
The segregation fractions, Y,,r, and the separation vectors of 
the two products, pi,r, are: 

These products can be produced by three parallel separators 
because the sum of their minimum separation loads is 16/30, 
which is less than one. Therefore, the products can be produced 
by separating a total of 16/30 of the feed in three separators. 
Specifically, the separations are 1/6 of the feed by an A/BCD 
separator, 1/10 by an AB/CD separator and 4/15 by an ABC/ 
D separator. The total separation load is 32. 

Since the signs of separation vector elements of either prod- 
uct are not identical, certain serial arrangements of the three 
separators will reduce the total separation load. 

An examination of y,,r)s determines that 213 of the feed can 
bypass all separators (113 for Product 1 and 1/3 for Product 
2). Therefore, the feed to the first separator is always 1/3 of 
the feed (Rule 4). 

Using the direct sequence as an example, the normalized 
load of the last SClD separator is Ic=4/15 (Rule 1). The extra 
load of the preceding B/CD separation is in the negative di- 
rection, which indicates that Product 2 may need extra load 
@B,2 < 0). No extra load is needed because @c,2 +pB,2)pB,2 < 0 
(Rule 2, Situation 2), and IB=lc=4/15. Product 1 may need 
extra A/BCD separation load becausep,,, <O. The amount of 
extra load is decided by and pB,]  only since there are two 
sign changes from A to C. Since (pS,, +pA,l)pA,l >0, an extra 
load elA = 1/ 15 is needed according to Rule 2, Situation 3. The 

The synthesis problem is given by the following matrix: 

Feed Product 1 Product 2 
10 2 8 
8 2.4 

The segregation fractions, yi,, and the separation vector ele- 
ments, pir, of the two products are: 

0.2 0.8 
i0.3 0.7\ /I:*: 

".-' -0.3 \::: \ 0.4 -0.4 

For the DCAB ( S D / ~ - S ~ , ~ - S A / B - S B / c )  sequence, the max- 
imum-bypass flowsheet can be determined as follows: The last 
B/C separation load is lB,l = 0.5 (Rule 1). The A/BC separation 
load is /A,, =0.6 because the signs of and pB,,  are identical 
and el, = lpA,, I (Rule 2, Situation 1). The ABC/D separation 
load is ako  0.6 because (C~=cps,l)pc,I  <O (Rule 2, Situation 2). 
The first ABCD/E separation load is 0.7 because 
( C & ~ & J ~ , ~ > O  and elD= IC~=Dps,l 1 =0.1 (Rule 2, Situation 3, 
also Rule 4). 
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Table 2. Separation Loads of Maximum-Bypass Two-Product Sequences* 
~~ 

Sequence A/B B/C C/D D/E Total Load 

ABCD 0.7 (44.8) 0.7 (37.8) 0.7 (32.2) 0.4 (10.4) 125.2 
ABDC 0.7 (44.8) 0.7 (37.8) 0.3 (10.8) 0.7 (32.2) 125.6 
ACBD 0.7 (44.8) 0.5 (14.0) 0.7 (32.4) 0.4 (10.4) 101.6 
ADBC 0.7 (44.8) 0.5 (22.0) 0.3 (10.8) 0.7 (37.8) 115.4 
ADCB 0.7 (44.8) 0.5 (14.0) 0.5 (22.0) 0.7 (37.8) 118.6 

BACD 0.1 (1.8) 0.7 (44.8) 0.7 (32.2) 0.4 (37.8) 88.6 
BADC 0.1 (1.8) 0.7 (44.8) 0.3 (10.8) 0.7 (10.4) 89.2 
CDAB 0.6 (22.8) 0.5 (9.0) 0.7 (44.8) 0.4 (1 1.2) 87.8 
CDBA 0.1 (1.8) 0.6 (22.8) 0.7 (44.8) 0.4 (11.2) 80.6 

DACB 0.6 (32.4) 0.5 (14.0) 0.5 (22.0) 0.7 (44.8) 113.2 
DBCA 0.1 (1.8) 0.6 (32.4) 0.3 (10.8) 0.7 (44.8) 89.6 
DCAB 0.6 (22.8) 0.5 (14.0) 0.6 (32.4) 0.7 (44.8) 114.0 

DABC 0.6 (32.4) 0.5 (22.0) 0.3 (10.8) 0.7 (44.8) 110.0 

DCBA 0.1 (1.8) 0.6 (22.8) 0.6 (32.4) 0.7 (44.82) 101.8 

'Actual size in parenthesis. 

For the ADBC sequence, the last C/D separation load 
lc,, =0.3 (Rule 1).  The B/CD separation load IB,]  = 0.5 (Rule 
2, Situation 3). The BCD/E separation load is 0.7 (Rule 2, 
Situation 3). The A/BCDE separation load is also 0.7 because 
( C p = ~ p ~ , ~ ) p ~ , ,  < O  (Rule 2, Situation 2, also Rule 4). 

The separation loads of the fourteen maximum-bypass se- 
quences can be readily obtained according to Rules 1 to 3. 
These are listed in Table 2. The CDBA sequence separation 
load of 80.6 is the lowest. 

The signs of p, , ,  and pB,l  are negative, and the signs of pC,] 
and pD,]  are positive. According to Rule 3, A/B and B/C 
separations should be conducted in parallel as should C/D and 
D/E separations. A natural choice of the first-stage separators 
is 0.3 of ABC/DE and 0.4 of ABCD/E, since the magnitude 
of the sum of these two vector elements is 0.7, which is greater 
than that of the other two, A/BCDE and AB/CDE, which is 
0.6 (Rule 3,  Rule 2, Situation 2). Consequently, 0.1 of BCDE 
can bypass the second-stage separators. Thus, the total sep- 
aration load, consisting of 0.7 of the original feed, 0.2 of 
ABCD and 0.4 of ABC, is 72.4, which is considerably less 
than that of the best serial CDBA sequence of 80.6. 

The reason for the significant reduction in separation load 
can be explained by a closer examination of the dual function 
of a separator: to produce the required product separation and 
to provide feed streams for the subsequent separation. For 
example, the two first-stage parallel separators separating 0.3 
of the feed into two streams: 

and 0.4 of the feed into two streams: 

a total of 0.7 of the feed is subjected to these two separations 
which meet the required C/D and D/E separations. On the 
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other hand, with the two separators in a sequential arrange- 
ment, the first separator must also process 0.7 of the feed: 

In addition, 4/7 of the bottom stream must undergo the D/E 
separation in order to meet the D/E separation requirement. 

The other choice of the first-stage separators, A/BCDE and 
AB/CDE also resulted in considerably smaller total separation 
load. The total separation load of the two first-stage separators 
is 0.6 of the feed, 0.1 A/BCDE and 0.5 AB/CDE. The bottom 
streams of the two separators does not provide enough feed 
stream for the subsequent C/D and D/E separators (0.3 C/D 
and 0.4 D/E). An additional 0.1 of the original feed is needed 
to be separated in the second-stage separators in order to meet 
the C/D and D/E separation requirement of the two products. 
The total separation load, consisting of 0.7 of the original feed 
and 0.1 of BCDE and 0.5 of CDE, is 73.2. 

The construction rules cannot readily determine individual 
minimum separation loads of sequences that include parallel 
configurations. An alternate procedure to obtain maximum- 
bypass sharp sequence flowsheets is obtained by solving a linear 
programming problem that minimizes the total separation load 

" J=c 1, 
r = l  

using the same separation vector optimization problem for- 
mulation presented earlier. The separation sequence base ma- 
trix must be expanded to include the parallel separator 
configuration. For example, the separation base vectors of the 
first parallel sequence are expanded from eight to ten: 

(Sl * . . 3 S l 3  

I1 - 1  0 0 0 0 0 0 - 1  o\ 
O - l ]  (49) =I 0 1 0  0 1 - 1 0  0 0 1 

0 0 1 - 1 0  0 0  0 

\o 0 0  1 0  0 1 - 1  1 o/ 
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Table 3. Definition of Example 3 

Product 
Comp. Feed 1 2 3 4 

A 32 7 10 5 10 
B 16 8 3 5 0 
C 20 3 5 6 6 
D 25 9 5 7 4 
E 24 8 4 3 9 

The pair of base vectors, s5 (top) and s, (bottom), represent 
two streams of ABC/DE separation, and the pair, s, (top) and 
s8 (bottom) represent the two streams of ABC/DE separation. 
The set of three base vectors, s, (top), s2+sg (bottom), rep- 
resents the A/B separator separating a feed stream that blends 
certain fractions of the top streams (s5 and s,) of the two first- 
stage separations. The set of three base vectors, sj (top), s4 + sl0 
(bottom), represents the B/C separator separating another feed 
stream also derived from the top streams of the two first-stage 
separators. 

The construction of lRmP maximum-bypass 
sharp separation sequences according to the above set of rules 
is illustrated by an example of producing four products from 
a five-component feed taken from the literature (Wehe and 
Westerberg, 1987). The problem statement is summarized in 
Table 3. The product segregation fractions are listed in Table 
4. The separation vectors of the four products of separations 
are tabulated in Table 5. 

An examination of the sign distribution of the product sep- 
aration matrix in Table 5 rules out the possibility of parallel 
arrangements according to Rule 3 since none of the consecutive 
separation vector elements of all products are of the same sign. 
The minimum separation loads determined by Eq. 29 are also 
listed in Table 5 .  The normalized load of the first separator 
of any sequence according to Rule 4 is always 0.5583. 

In the following, the direct sequence is used as an example 
to illustrate the construction of lRmP maximum-bypass se- 
quences. 

The load to the last SD,E separator is 0.2150, the minimum 
separation requirement (Rule 1) .  Normalized loads for re- 
maining separators of a sequence can be determined by Rule 
2. 

The extra load for separators in the direct sequence is in 
the negative direction. For the C/DE separation, the extra load 
is determined by the C/D and D/E elements of the product 
separation vectors in the following tabulation: 

Example 3. 

C/D pc,? -0.2100 0.0500 0.0200 0.1400 
DIE ~ n .  0.0267 0.0333 0.1550 -0.2150 

extra load el, I 0.1833 

Only Product 1 needs extra load, since P ~ , ~ < O  and 

Table 4. Segregation Fractions of Example 3 

Yb, Product j 

A 0.2188 0.3125 0.1563 0.3125 
B 0.5000 0.1875 0.3125 0.0000 
C 0.1500 0.2500 0.3000 0.3000 
D 0.3600 0.2000 0.2800 0.1600 
E 0.3333 0.1667 0.1250 0.3750 

Table 5. Product Separation Vectors and Difficulty Indices 
of Example 3 

P,,, Product r D, 

A/B -0.2813 0.1250 -0.1563 0.3125 0.5 0.4375 
B/C 0.3500 -0.0625 0.0125 -0.3000 1.0 0.3625 
C/D -0.2100 0.0500 0.0200 0.1400 0.4 0.2100 
D/E 0.0267 0.0333 0.1550 -0.2150 0.6 0.2150 

(pC,]  +p,,,)p,,, >O.  The amount of extra load computed by 
Eq. 44 is e/c,, = 10.0267 - 0.2100 I = 0.1833 (Rule 2, Situation 
3). Therefore, the total C/DE separation load is 
lc=0.2150+O.1833=0.3983 (Eq. 46). 

For the B/CDE separation load, one needs to examine 
(p,,,, s = B, C, D 1, since the next C/DE separation is not the 
last separation of the sequence: 

B/C P B , ~  0.3500 -0.0625 0.0125 -0.3000 
C/D ~ c , ~  -0.2100 0.0500 0.0200 0.1400 
DIE p n r  0.0267 0.0333 0.1550 -0.2150 

extra load elB,? 0.0000 0.1600 
Rule 2.2 2.3 

Product 2 and 4 may need extra separation loads because their 
product vector elements are negative. For Product 2, one needs 
to consider all three components since there is only one sign 
change from B to D. According to Rule 2, Situation 2, no 
extra load is needed because (Cf=,p,,,)pE,,<0. For Product 4, 
one needs to consider only pg,4 and pc,4 since there are two 
sign changes from B to D. The amount of extra load according 
to Rule 2, Situation 3 is e/,,,=0.16. The B/CDE separation 
load is 0.5583. 

For the A/BCDE separation load, one needs to examine 
(p,,,, s = A ,  B, C, D ) ,  for the same reason stated above for 
B/CDE separation. 

A/B pa,, -0.2813 0.1250 -0.1563 0.3125 
B/C ~ 8 , ~  0.3500 -0.0625 0.0125 -0.3000 
C/D pc,r -0,2100 0.0500 0.0200 0.1400 
DIE PO. ,  0.0267 0.0333 0.1550 -0.2150 

extra load el,.,, 0.0000 0.0000 
Rule 2.2 2.2 

~ ~ ~ ~ ~ 

Only products 1 and 3 may need extra separation because their 
A/B vector elements are negative. Since (PA,I  +pE,,)<O and 
(Ep=Dp,,3)pa,3 < 0, no additional A/BCDE separation is needed 
for either product. The A/BCDE separation load is also 0.5583. 

The following summarizes the loads of the maximum-bypass 
ADBC sequence: 

The last C/D separation load according to Rule 1 is 

For the remaining separation loads of the sequence (under- 
lc = ( lC)m,n = 0.2100. 

lined are the pertinent products): 

A/B -0.2813 0.1250 -0.1563 0.3125 
B/C P B , ~  0.3500 -0.0625 0.0125 -0.3000 
C/D P C , ~  -0.2100 0.0500 0.0200 0.1400 
D/E P,,~ 0.0267 0.0333 0.1550 -0.2150 

extra load e/E,r 0.0125 0.1600 
Rule 2.3 2.3 

el,= 0.1725 I ,  = 0.3825 
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Table 6. Separation Loads of Maximum Bypass Sequences? 

Sequence A/B B/C C/D D/E Total Load 
ABCD 0.5583 (65.32) 0.5583 (47.46) 0.3983 (27.48) 0.2150 (10.54) 150.80 
ABDC 0.5583 (65.32) 0.5583 (47.46) 0.2100 (9.45) 0.3983 (27.48) 149.71 
ACBD 0.5583 (65.32) 0.3625 (13.05) 0.5583 (47.46) 0.2150 (10.54) 136.47 
ADBC 0.5583 (65.32) 0.3825 (23.33) 0.2100 (9.45) 0.5583 (47.46) 145.56 
ADCB 0.5583 (65.32) 0.3625 (13.05) 0.3825 (23.33) 0.5583 (47.46) 149.16 

BACD 0.4375 (21.00) 0.5583 (65.32) 0.3983 (27.48) 0.2150 (10.54) 124.34 
BADC 0.4375 (21.00) 0.5583 (65.32) 0.2100 (9.45) 0.3983 (27.48) 123.25 
CDAB 0.5062 (34.43) 0.3625 (13.05) 0.5583 (65.43) 0.2150 (10.54) 123.45 
CDBA 0.4375 (21.00) 0.5062 (34.43) 0.5583 (65.32) 0.2150 (10.54) 131.29 
DABC 0.5062 (47.08) 0.3825 (23.33) 0.2100 (9.45) 0.5583 (65.32) 145.18 

DACB 0.5062 (47.08) 0.3625 (13.05) 0.3825 (23.33) 0.5583 (65.32) 148.78 
DBCA 0.4375 (21 .OO) 0.5062 (47.09) 0.2100 (9.45) 0.5583 (65.32) 142.86 
DCAB 0.5062 (34.43) 0.3625 (13.05) 0.5062 (47.09) 0.5583 (65.32) 159.89 
DCBA 0.4375 (21.00) 0.5062 (34.43) 0.5062 (47.09) 0.5583 (65.32) 167.84 

Actual size in parenthesis. 

extra load elD,r 0.0000 0.0208 0. I550 
Rule 2.2 2.3 2.1 

extra load el,,r 0.0000 0.0000 

elD=0.1758 ID = 0.55 83 

Rule 2.2 2.2 
el, = 0.0000 I, = 0.5583 

The first A/BCDE separation load agrees with the value 
obtained by Rule 4. 

The separation loads of the 14 maximum-bypass sequences 
are summarized in Table 6. The total separation loads of the 
BACD, BADC and CDAB sequences, whose total loads are 
124.34, 123.24 and 123.45, respectively, are the lowest among 
all maximum-bypass sequences. 

Optimal Sharp Sequence Synthesis with Modified 
Cost Measure 

If all separation costs are equal, then the best sequence would 
be the one that bypasses the most and separates the least amount 
of the process streams. Usually, costs of different separations 
vary and the maximum-bypass sequence with the lowest total 
separation load is not always the optimal sequence. One has 
to select from among all maximum-bypass sequences the se- 
quence that costs the least. 

The precise knowledge of the normalized minimum loads 
of separators of any sequence can be used to choose the optimal 
sequence by evaluating the costs of all possible maximum- 
bypass sequences. A more practical selection procedure should 
not require an exhaustive enumeration of all possible se- 
quences. We have discovered a better approach in place of the 
exhaustive enumeration procedure. This procedure selects the 
best sequence with the help of a modified cost measure that 
combines the separation costs and savings due to bypass into 
a single quantity. 

Modified cost 
For separations of equal cost, it is obvious that one should 

always choose the easiest, least pure separation. From another 
perspective, without precise knowledge of what the next sep- 
aration may be, the best decision is to do an even split. Such 
a split will ensure the maximum reduction in subsequent sep- 
aration loads irrespective of what the next separation may be. 
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The purification index can be combined with the cost forming 
a single measure that accounts for both the separation cost 
and the saving due to the reduction of subsequent separation 
loads. For the sharp separation between component i and com- 
ponent i +  1 of a feed stream at a cost of D, into two product 
streams, this modified cost measure is: 

(50) 
D, D!' =(cost of separation i )a  = 

Je,cl-s,, 

where 0, is the cut and Di is the separation cost of separation 
i .  The modified cost merges two predominant heuristics: do 
the easiest separation first and prefer even split into a single 
measure. 

Synthesis procedure 
It is proposed that among all possible separations, one should 

always choose the separation that incurs the lowest modified 
cost. The arrangement of separations into an optimal sequence 
should proceed in the direction of the sequence, since the 
separation loads decrease in the direction of the sequence. 

The synthesis procedure is based on a modified cost table 
that lists all possible separations. The optimal sequence is de- 
termined by following an evolutionary search procedure: 

(1) Select the separation of the original feed with the lowest 
modified cost to be the first separation. Among all possible 
separations of each stream produced by the first separation, 
select the one with the lowest cost as the second separation. 
Continue the selection process until all subsequent separations 
have been identified. The actual cost of the sequence is then 
evaluated according to its minimum separation loads. 

(2) Identify a neighboring sequence by selecting the first 
separation to be the one with the second lowest modified cost. 
Subsequent separations are selected to be those with the lowest 
modified costs among their respective possible separations. 
This is a breadth-first search. 

(3) Identify another neighboring sequence by selecting the 
second separation, that follows the lowest-cost first separation, 
to be the separation with the second lowest modified cost 
among all possible second separations. Subsequent separations 
are selected to be those with the lowest modified costs. This 
is a depth-first search. 
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(4) Evaluate the costs of the two neighboring sequences. If 
the costs of both sequences are higher than the sequence iden- 
tified in step 1, the search ends. 

( 5 )  If a neighboring sequence has a lower cost, repeat the 
depth-first and the breadth-first searches of steps 2 to 4. Con- 
tinue the search procedure until the optimal sequence is found. 

The above synthesis procedure is illustrated by continuing 
the Example 3 in the previous section. 

Example 3 (continued). The difficulty indices of separa- 
tions are tabulated in Table 5. The cost function is linear. In 
addition to the fixed total cost of 23 for the four separators, 
the cost of each separation is proportional to its mass load 
and its difficulty indices, D; 

i =  I 

It was determined earlier based on the sign distribution of 
the product separation matrix that only sequential separator 
arrangements should be used. The selection of the best se- 
quence can be obtained by an inspection of the modified cost 
measures: D , / d m .  The following is a tabulation of the 
modified costs of all possible separations and their feed sizes: 

starts with the A/BCDE separation, which is the second lowest 
in modified cost, to be followed by separations with the lowest 
modified cost. This sequence is ACBD (SA/B-Sc/D- (S,,, 
.SD,EJ) with a unit cost (excluding fixed cost) of 0.6069. An- 
other sequence replaces the second separation of the first se- 
quence with the next to the lowest in modified cost to be 
followed by separations with the lowest modified cost. This 
sequence is CDAB ( (SB/c-SA/B J ,  SD/E J) with a unit 
cost of 0.6614. Clearly, the first CABD sequence is the best. 

The flowsheet of CABD sequence is identical to that of the 
maximum-bypass sequence. The flowsheet can also be obtained 
by solving the linear programming problem with the following 
set of base vectors: 

1 - 1  - 1  0 0 0 0 

..,...,.-(. O 1 0  -I 1 1 - 1 - 1  O O O j 0 

0 0 0 0  0 1 - 1  

The amount of separated stream k needed to produce product 
r ,  mr,k is determined by GAMS to be: 

10.069 0 0.350 0 0 0.183 0.027 0 \ 
) (53) 

0 0.062 0.021 0 0.033 0 

0.144 0.012 0 0.031 0 0.155 0 
mr,k = 

\0.312 0 0 0.300 0 0.160 0 0.215/ 

For the feed (feed size= 1): 

A/BCDE AB/CDE ABC/DE ABCD/E 
The normalized separation duties of the four separators are: 

~~ 

1.1217 2.0330 0.8108 1.4860 

Four components: 

Feed size 0.7949 Feed size 0.7265 

A/BCD 1.0525 B/CDE 2.5582 
AB/CD 2.0010 BC/DE 0.8095 
ABC/D 0.9002 BCD/E 1.3329 

Three components: 

Feed size 0.5812 Feed size 0.5214 Feed size 0.5897 

A/BC 1.0017 B/CD 2.2732 C/DE 0.8816 
AB/C 2.1947 BC/D 0.8133 CD/E 1.2598 

Two components: 

1,=0.5062, lB=0.3625, 1,=0.5583, ID=O.Z lSO (54) 

The mass loads to the four separators are 65.32 to Sc/D, 34.43 
to SA/B, 13.05 to SB,c, and 10.54 to SDIE. The objective function 
value is 85.71 which is very close to 85.65, the only value 
reported by Wehe and Westerberg (1987) as the upper bound 
of the same sequence. 

The objective function values of all maximum-bypass se- 
quences were evaluated with GAMS, and the results are listed 
in Table 7 for comparison. The CABD sequence is superior 
to any of the other sequences. The modified cost not only can 
correctly select the best sequence but also correctly identify 
the neighboring sequences of the best sequence. 

Feed size 0.4103 Feed size 0.3077 Feed size 0.3846 Feed size 0.4188 

A/B 1.0607 B/C 2.0125 C/D 0.8050 D/E 1.2002 

Of all separations of the feed, the first separation should be 
ABC/DE because this separation has the lowest modified cost. 
The subsequent separations are determined in an analogous 
manner. The best sequence is CDAB ( ( SA/B-SB/cJ, 
SDIEJ) .  The cost of processing a unit of feed according to the 
separation loads listed in Table 6 is 0.5360, excluding the fixed 
cost. Two neighboring sequences are identified. One sequence 

Limitations 
The synthesis procedure does not account for a number of 

design options, such as mixing of intermediate process streams 
and recycle. The improvement resulting from increasing the 
degrees of freedom in design, in general, is small. Additional 
design options can be included in the same separation vector 
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Table 7. Separation Costs of Maximum Bypass Sequences 

Sequence 

ABCD 
ABDC 
ACED 
ADBC 
ADCB 

BACD 
BADC 
CDAB 
CDBA 
DABC 

DACE 
DBAC 
DCAB 
DCBA 

Objective Function 

120.43 
123.38 
94.01 

111.24 
106.51 

116.14 
119.09 
85.71 

100.38 
112.85 

108.12 
123.56 
111.29 
129.96 

separation sequence, that is, the separation of a stream and 
the division and the combination of streams, have their re- 
spective vectorial representations. The maximum-bypass se- 
quences of a separation problem are easily obtained with the 
new representation. A set of simple rules has been developed 
that can be used to determine the separation loads of any 
maximum-bypass sequences by inspection. 

Every sequence is represented by a unique set of separation 
base vectors that forms the separation basis of the sequence. 
The product set is constructed from these base vectors. This 
representation leads to a more efficient mathematical pro- 
gramming formulation for the synthesis of optimal multicom- 
ponent separation sequences. The optimal flowsheet of a given 
sequence is readily obtainable as the solution of an optimi- 
zation problem that minimizes the cost subject to a set of linear 
constraints. 

A modified cost that combines the cost factor with the sav- 
ings of stream bypass is introduced. This cost measure can be 

evaluation of the costs of all possible sequences. A simple 
procedure consisting of two the identification of a best 
sequence followed by a brief examination of its neighboring 
sequences will determine the optimal sequence. 

Three examples taken from the literature were used to il- 

formulation of the optimization problem. The Option Of in- used as a guide to select the best sequence without an exhaustive ternal blending of process streams as a feed to a subsequent 

For example, the internal blending option can be included for 
the best CABD sequence by expanding the number of base 
vectors from 8 (Eq. 52) to 9: 

separator can be included by expanding the separation basis. 

/1 - 1  - 1  0 0 0 0 0 o\ 

; ( 5 5 )  
0 0 1 - 1 0  0 0 
0 1 0  1 1 - 1 - 1  =i 0 0 0 0 0  0 1 - 1 0  

The additional base vector s9 accounts for the option of blend- 
ing the bottom BC stream emerging from s,,,(~~) with the top 
ABC stream of ScID(ss) as the feed to SBIc. The B/C separator 
produces a bottom stream (s4) and a top stream consisting of 
a certain combination of s3 of sg. A different flowsheet is 
obtained by solving the optimization problem with the ex- 
panded separation basis: 

lustrate the new synthesis procedure. Optimal sequences can 
be identified by inspection with the new procedure, in contrast 
to previous more complicated synthesis methods that require 
sophisticated mathematical programming methods. 
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Notation 
C, = cost coefficient, or cost function of separator i 
0,' = modified cost of separation i 

0.281 0 0 0.183 0.027 0 0.069\ 10 O 
0 0.062 0.021 0 0.033 0 

0.144 0.012 0 0.031 0 0.155 0 0 mr.k = 

\0.312 0 0 0.300 0 0.160 0 0.215 0 / 

The internal blending option reduces the mass load to S,,, 
from 34.43 (C,m,,,=0.506 of ABC according to Eq. 53) to 
29.72 (C,mr,, = 0.437 of ABC according to Eq. 56). At the same 
time, the mass load of SsIc is increased from 13.05 
(Crmr,3 =0.362 of BC according to Eq. 53) to 15.24 by blending 
0.069 (= Crmr,9 according to Eq. 56) of ABC from Sc,D and 
0.293 (=Cpzr , ,  according to Eq. 56) of BC from S,,,. The 
objective function value is reduced from 85.71 to 85.57, a 
savings of less than 1%. 

Conclusions 
A new concept of representing separation by separation vec- 

tors in the separation space is developed. All operators in a 
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el,,r = extra load of separation i for product r 
el, = total extra load of separation i 
f, = normalized feed stream size for separation i 
I ,  = normalized mass load of separator i 
m = number of streams 
n = number of components 

nk = number of separation base vectors 
p ,  = separation vector of product r 

P , , ~  = extent separation between components i and i+ 1 of Product 
r 

sk = k-th separation basis of a sequence 
s , , ~  = extent of separation between components i and i+ 1 of the kth 

separation basis of a sequence 
x,,, = mole (or mass) fraction of component i in stream r 
z,,, = extent of separation between components i and i+ 1 in stream 

r 
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Greek letters 
qr = separation index of stream r 
T = overall purification index 
T,  = purification index of stream r 
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Appendix: General Formula of Transformation from 
Yir to Zir 

mation y ,  to z ,  is defined by the following equation: 
For the general case of n-component mixture, the transfor- 

Since only (n - 1) of the zi,s are independent, znr can be elim- 
inated to yield the following equation: 

- 1  0 0 . . .  . . .  y , ,  1: . . . . . . -: . . . . -; . . ; ; I  :2][;;:] . . .  

. . .  Y n - l , r  

or in matrix notation: 

The matrix A represents the transformation from y ,  to zr. The 
invariance of this transformation is maintained by requiring 
the metric tensor of the z-coordinate system to change contra- 
gradiently with the above transformation of variables. The 
metric tensor is thus transformed from the y-manifold to the 
t-manifold, according to the following equation: 

n - 1  “ - 1  

g,,, = c c bk’b”k, 
k = l  / = I  

where b”s are the entries of A - ’ ,  the contragradient trans- 
formation of A .  For simplicity, let the new metric tensor also 
be designated by gij: 

i ( n - j )  
, for i l j ;  g,/=g,, for i>j (61) g,f =- n 

The invariance of the above transformation is confirmed by 
the fact that the distance between two streams, y ,  and y,, 

can also be computed by the length of the vector, &kq: 

which remains unchanged after the transformation. 
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